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Three-dimensional (3-D)Abstract This paper presents the cooperative strategies for salvo attack of multiple missiles based
on the classical proportional navigation (PN) algorithm. The three-dimensional (3-D) guidance
laws are developed in a quite simple formulation that consists of a PN component for target capture
and a coordination component for simultaneous arrival. The centralized algorithms come into
effect when the global information of time-to-go estimation is obtained, whereas the decentralized
algorithms have better performance when each missile can only collect information from neighbors.
Numerical simulations demonstrate that the proposed coordination algorithms are feasible to per-
form the cooperative engagement of multiple missiles against both stationary and maneuvering tar-
gets. The effectiveness of the 3-D guidance laws is also discussed.
ª 2015 The Authors. Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Numerous advanced guidance laws have been presented in the
last decade to improve the performance of traditional propor-
tional navigation (PN) algorithm for some speciﬁc objectives
such as the minimum time control, minimum energy control,
impact time control and impact angle control.1–4 For a single
missile, the above objectives have already been achieved with
satisﬁed accuracy of target capture.5–7 Therefore, many
researchers start recently on the development of cooperative
guidance laws for salvo attack of multiple missiles because theymay have better performance than the individual missile sys-
tem in detecting the maneuvering targets, penetrating the
defense systems, and surviving the threats.8–11 However, it is
more difﬁcult to achieve a simultaneous attack against the
maneuvering target in the light of different initial conditions
and the communication limitation between each missile.12–14
In the current literature, two typical classes of approaches
have been proposed to develop the cooperative guidance laws
for the multimissile salvo attack. The ﬁrst class investigates
the design of the impact-time constraint for the coordination
of the time-to-go. Jeon et al.15 introduced the closed form of
impact time control guidance (ITCG) law based on the linear
formulation. It can guide a group of missiles to simultaneously
intercept a stationary target at a desirable time. Later, Lee
et al.16 presentd an extension of the ITCG guidance law to con-
trol both the impact time and the impact angle. Regarding the
two algorithms above, it is required that the global information
of the time-to-go is available to each group member. To
improve the performance of the ITCG, Zhao and Zhou17
Fig. 1 Guidance geometry on one-to-one engagement.
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sensus protocols. Peng et al.18 also applied the consensus theory
to design the cooperative guidance laws by using the discrete
topology model to feature the desired impact time.
The second class of approaches employs the leader–
follower model to describe the multimissile salvo attack.
Based on the traditional PN guidance law, Zhang et al.19
developed a leader–follower strategy to achieve the simultane-
ous attack of multiple missiles, in which the rang-to-go and
heading angle error of the leader are selected as the reference
state variables. Zhao et al.20 proposed a virtual leader scheme
that achieves the impact time control indirectly by transform-
ing the time-constrained guidance problem to the nonlinear
tracking problem. In addition, Sun et al.21 designed the
cooperative guidance law by feedback linearization to drive
the impact time of each follower to converge to the leader in
ﬁnite time.
More recently, Ghosh et al.22 developed a recursive time-to-
go estimation method for three-dimensional (3-D) engagement
of a retro-PN guided interceptor with higher speed non-
maneuvering targets. They presented a navigation gain
scheduling algorithm to achieve the interception at a pre-
speciﬁed time. Later, Ghosh et al.23 discussed a cooperative
strategy for the lower speed interceptors guided by Retro-PN
guidance law to perform the salvo attack against a higher
speed target. These are early efforts to solve the cooperative
guidance against moving targets in 3-D engagement.
Most of the current studies such as Refs.15–21 only take into
account the planar pursuit situation to design the guidance
laws for cooperative engagement. It is more difﬁcult to develop
the cooperative strategies in 3-D engagement like Refs.22,23. In
addition, there remain rare studies on the decentralized coordi-
nation algorithm for the interceptor missiles to achieve a
simultaneous attack against a maneuvering target. Therefore,
we focus on the design of 3-D cooperative strategies for multi-
missile salvo attack. The contribution of the paper is described
as follows: (1) the paper modiﬁes the time-to-go expression in
Ref.24 for an extension to the 3-D engagement. Considering
the heading errors between the missile and target, the time-
to-go estimation is enhanced for interceptor missiles against
the maneuvering targets; (2) the cooperative strategies are
developed in a simple formulation that consists of a PN com-
ponent and a coordination component. The centralized algo-
rithms come into effect when the global information of time-
to-go estimation is available, whereas the decentralized algo-
rithms have better performance when the interceptor missiles
can only collect information from neighbors.
2. Preliminaries
2.1. Basic assumptions
To perform the complete missile-target engagement, the non-
linear dynamics of 3-D pursuit situation is considered in this
paper. We assume the following conditions to facilitate the
capturability analysis of the cooperative guidance laws:
(1) The angle of attack of the missile is small enough to be
neglected.
(2) The total velocities of the missile and target are set to
constant values.(3) The missile and target are considered as point masses
moving in the 3-D space.
(4) The seeker and autopilot dynamics of the missile are fast
enough in comparison with the guidance loop.
2.2. Guidance geometry
Under the prescribed assumptions, the guidance geometry on
one-to-one engagement is depicted in Fig. 1, where M denotes
the missile and T denotes the target; r is the missile-to-target
range; Vm and Vt are the total velocities of the missile and tar-
get; the terms cm , ct , um and ut are Euler angles in the inertial
reference frame, whereas the angles hm , ht , wm and wt are
deﬁned with respect to the line-of-sight frame; cL and uL are
the line-of-sight angles in the inertial reference frame.
The 3-D point-mass equations of motion for the missile and
target can be derived from the classical principles of
dynamics25,26
_r ¼ Vm q cos ht coswt  cos hm coswmð Þ ð1Þ
r _ky ¼ Vm sin hm  q sin htð Þ ð2Þ
r _kz ¼ Vm q cos ht sinwt  cos hm sinwmð Þ ð3Þ
_hm ¼ azm=Vm þ Vm tan ky sinwm
 ðq cos ht sinwt  cos hm sinwmÞ=r
 Vm coswmðq sin ht  sin hmÞ=r ð4Þ
_wm ¼ aym= Vm cos hmð Þ  Vm sin hm sinwm
 ðq sin ht  sin hmÞ= r cos hmð Þ
 Vmðq cos ht sinwt  cos hm sinwmÞ=r
 Vm sin hm coswm tan kyðq cos ht sinwt
 cos hm sinwmÞ= r cos hmð Þ ð5Þ
_ht ¼ azt= qVmð Þ þ Vm tan ky sinwtðq cos ht sinwt
 cos hm sinwmÞ=r Vm coswtðq sin ht  sin hmÞ=r ð6Þ
_wt ¼ ayt= qVm cos htð Þ  Vm sin ht sinwtðq sin ht
 sin hmÞ= r cos htð Þ  Vmðq cos ht sinwt
 cos hm sinwmÞ=r Vm sin ht coswt tan kyðq cos ht sinwt
 cos hm sinwmÞ= r cos htð Þ ð7Þ
1106 J. Zhao et al.q ¼ Vt=Vm ð8Þ
where q is the ratio between the velocities; ky and kz are the
components of the line-of-sight angle; aym; azm; ayt and azt are
deﬁned as the yaw and pitch acceleration commands for the
missile and target, respectively. Thus, the traditional 3-D PN
guidance laws against stationary and maneuvering targets
can be given by25
PN :
aym ¼ NVm _ky sin hm sinwm þNVm _kz cos hm
azm ¼ NVm _ky coswm
(
ð9Þ
PN :
a0ym ¼ 1þN=ðcoshm coswmÞ½ Vm _ky sinhm sinwm
þ 1þN=ðcoshm coswmÞ½ Vm _kz coshm
þa^zt sinhm sinwm=ðcoshm coswmÞþ a^yt=coswm
a0zm ¼ 1þN=ðcoshm coswmÞ½ Vm _ky coswmþ a^zt=coshm
8>>><
>>>>:
ð10Þ
where N represents the effective navigation constant; the terms
a^yt and a^zt are the estimations of the target acceleration normal
to the line-of-sight; the superscript ‘‘ ‘ ’’ in this paper is used to
distinguish the guidance laws against a maneuvering target
from those against a stationary one.3. Cooperative guidance laws
3.1. Outline
Based on the traditional 3-D PN algorithm, this paper will pre-
sent the cooperative guidance laws for multiple missiles against
the stationary and maneuvering targets. Let a denote the total
acceleration command of the interceptor missile. The proposed
coordination algorithms consist of two individual components
as
a ¼ ap þ an ð11Þ
where ap is the PN component and an the coordination compo-
nent. The PN component is used for homing and the coordina-
tion component is used to drive the group of missiles to
achieve a simultaneous arrival. In the following subsections,
three kinds of coordination variables will be introduced with
respect to different coordination strategies including the coop-
erative PN (CPN), the centralized CPN (C-CPN) and the
decentralized CPN (D-CPN).Fig. 2 Guidance geometry on many-to-one engagement.3.2. Guidance laws against a stationary target
Suppose that n missiles totally participate in the cooperative
attack against a stationary target. Fig. 2 shows the guidance
geometry on many-to-one engagement scenario, where Mi
ði ¼ 1; 2; . . . ; nÞ denote each the ith missile; ri represents the
range between Mi and target T; the terms hi and wi are the
heading angles of Mi in the line-of-sight frame; at is the total
acceleration of the target T; it is assumed that Vi is the con-
stant speed of Mi which may be different with each other,
and the acceleration command ai only changes the direction
of Vi. The Euler angles with respect to the inertial reference
frame and the line-of-sight frame use the same deﬁnitions as
those in Fig. 1. The goal is to ﬁnd guidance laws which canlead missile Mi to reach the target T within the same time even
though they have different initial conditions.
The form of the PN-based 3-D cooperative guidance laws
against a stationary target is given as follows:
ayi ¼ apyi þ anyi
azi ¼ apzi þ anzi

i ¼ 1; 2; . . . ; n ð12Þ
where ayi and azi are deﬁned as the yaw and pitch acceleration
commands for Mi; apyi and apzi are the PN components; anyi
and anzi are the coordination components; the subscript i in
this paper represents the each missile in the group. Herein,
the PN components apyi and apzi are derived from the tradi-
tional PN guidance law Eq. (9) in the form of
apyi ¼ NiVi _kyi tð Þsinhi tð Þsinwi tð Þ
þNiVi _kzi tð Þcoshi tð Þ
apzi ¼ NiVi _kzi tð Þcoswi tð Þ
8><
>: i¼ 1;2; . . . ;n ð13Þ
where Ni is the effective navigation constant of Mi; kyi and kzi
are the line-of-sight angles of Mi. In order to coordinate the
impact time between each missile, we include a new coordina-
tion component ani into the 3-D guidance law Eq. (12) which
has a quite simple formulation as follows:
ani ¼ Kiri tð Þni tð Þ
anyi ¼ ani coswi tð Þ
anzi ¼ ani cos hi tð Þ
8><
>: ð14Þ
where the coordination components anyi and anzi are deter-
mined by the gain coefﬁcient Ki as well as the relative error
of the time-to-go niðtÞ in the form of
Ki ¼ k= ri 0ð Þt^go;i 0ð Þ
  ð15Þ
ni tð Þ ¼ tgo;i tð Þ  t^go;i tð Þ ð16Þ
where k is the gain coefﬁcient; tgo;i tð Þ is the coordination vari-
able and the term t^go;i tð Þ is the time-to-go estimation.
The time-to-go estimation for each missile in the group is
derived on the basis of Ref.24
t^go;i tð Þ ¼ ri tð Þ
Vi
1þ r
2
i tð Þ
2 2Ni  1ð Þ
 
ð17Þ
where riðtÞ represents the heading angle between the missile
velocity and the line-of-sight. This paper modiﬁes the form
of the heading angle for an extension to the 3-D engagement,
and hence, the term riðtÞ can be obtained by the approximate
transformation cos riðtÞ = cos hiðtÞ cos wiðtÞ. Note that the
time-to-go estimation in Ref.24 was derived considering the
Three-dimensional cooperative guidance laws against stationary and maneuvering targets 1107linearized engagement geometry. However, it is found that the
improved expression is also feasible to deal with the nonlinear
engagement in the paper. In detail, we perform some numerical
simulations of nonlinear engagement by the typical PN algo-
rithm. The expression Eq. (17) is used to estimate the time-
to-go of the interceptor missile that has different initial head-
ing angles. The estimation errors between the actual impact
time and the time-to-go are illustrated in Fig. 3. Let hm0
denotes the initial value of hm. It can be seen that the 3-D
expression Eq. (17) which is derived from Ref.24 obtains
enough accuracy in the estimation of time-to-go for the inter-
ceptor missile.
Then, we focus on the design of the coordination variable
tgo;i ðtÞ so as to make the group of missiles achieve a simulta-
neous attack against the stationary target. Three kinds of coor-
dination variables will be introduced according to different
coordination strategies, i.e., CPN, C-CPN and D-CPN.
First, the coordination variable can be selected as a constant
impact time which means that all the missiles are expected to
reach the target at a given time. In detail, the formulation of
the coordination variable tgo;i (t) is described as
CPN : tgo;i tð Þ ¼ Tgo  t ð18Þ
where Tgo is the given impact time. Thus, the complete CPN
guidance law is given by
CPN :
ayi ¼ NiVi _kyi tð Þ sin hi tð Þ sinwi tð Þ
þNiVi _kzi tð Þ cos hi tð Þ þ Kiri tð Þ
 Tgo  t t^go;i tð Þ
 
coswi tð Þ
azi ¼ NiVi _kzi tð Þ coswi tð Þ þ Kiri tð Þ
 Tgo  t t^go;i tð Þ
 
cos hi tð Þ
8>>>><
>>>>:
ð19Þ
The proposed CPN algorithm Eq. (19) achieves two objec-
tives: (1) the target intercept by a typical PN component; (2)
the reduction of the relative time-to-go error between each mis-
sile by a coordination component. Strictly, the CPN is not a
true cooperative strategy because the constant impact time
Tgo does not take into account the global information of the
group. However, the CPN for individual guidance can also
achieve a simultaneous attack in the traditional guidance
design, and hence, it is also addressed in this paper for the con-
trast with C-CPN and D-CPN algorithms. Next, we present aFig. 3 Samples of estimation errors by Eq. (17).centralized coordination algorithm, i.e., C-CPN. The coordi-
nation variable tgo;i ðtÞ is replaced by the average value of
the time-to-go estimation tgo tð Þ for each missile in the form of
C-CPN : tgo;i tð Þ ¼ tgo tð Þ ¼ 1
n
Xn
j¼1
t^go;j tð Þ ð20Þ
The C-CPN guidance law collects the time-to-go informa-
tion from each missile and broadcasts the common impact
time to all the group members in each guidance loop. As the
missile-to-target range decreases, the time-to-go of each missile
will converge to the average value of the group until the rela-
tive error of the time-to-go reduces to zero. The complete C-
CPN guidance law for each missile is described as
C-CPN :
ayi ¼ NiVi _kyi tð Þ sin hi tð Þ sinwi tð Þ
þNiVi _kzi tð Þ cos hi tð Þ þ Kiri tð Þ
 tgo tð Þ  t^go;i tð Þ
 
coswi tð Þ
azi ¼ NiVi _kzi tð Þ coswi tð Þ þ Kiri tð Þ
 tgo tð Þ  t^go;i tð Þ
 
cos hi tð Þ
8>>>><
>>>>:
ð21Þ
The centralized coordination algorithm Eq. (21) considers
the case that each missile can communicate with all the group
members. However, the guidance law would be out of work
when some missile is only able to obtain the information from
its nearest neighbors. Hence, it is necessary to design a decen-
tralized coordination algorithm to achieve the agreement on
the impact time. Fig. 4 illustrates an example of the communi-
cation limitation between each group member.
As shown in Fig. 4, the space where the ith missile can
obtain effective time-to-go information from neighbours is
marked with Si. And thus, each missile in the group has its
own communication space. Considering the communication
limitation, a new coordination variable ~tgo;i tð Þ for the decen-
tralized coordination algorithm D-CPN is deﬁned as
D-CPN : tgo;i tð Þ ¼ ~tgo;i tð Þ ¼ 1
si  1
X
j2Si ;j–i
t^go;j tð Þ ð22Þ
where si is the total number of missiles in space Si. The com-
plete D-CPN guidance law is described as
D-CPN :
ayi ¼ NiVi _kyi tð Þ sin hi tð Þ sinwi tð Þ
þNiVi _kzi tð Þ cos hi tð Þ þ Kiri tð Þ
 ~tgo tð Þ  t^go;i tð Þ
 
coswi tð Þ
azi ¼ NiVi _kzi tð Þ coswi tð Þ þ Kiri tð Þ
 ~tgo tð Þ  t^go;i tð Þ
 
cos hi tð Þ
8>>>><
>>>>:
ð23ÞFig. 4 Illustration of communication limitation between each
missile.
1108 J. Zhao et al.Using the decentralized coordination algorithm Eq. (23),
each missile can collect the time-to-go information from neigh-
boring missiles in its own communication space. The coordina-
tion component also tries to achieve a simultaneous attack by
coordinating the impact time. However, the D-CPN does not
reduce the relative time-to-go error of the whole group of mis-
siles, but a small number of missiles in each decentralized com-
munication space.
Regarding the above three coordination algorithms
Eqs. (18)–(23), we can ﬁnd that ayi ! apyi; azi ! apzi as
ri ðtÞ ! 0 if ni ðtÞ ! 0 as ri ðtÞ ! 0, i.e., these PN-based cooper-
ative guidance laws will be transformed into the traditional 3-D
PN guidance law Eq. (9) if the relative time-to-go error of each
missile decreases to zero as the whole group reaches the target.
3.3. Guidance laws against a maneuvering target
This part will present an extension of the aforementioned coor-
dination algorithms for the simultaneous attack against a
maneuvering target. Herein, the constant-velocity targets are
also considered as one case in the maneuvering targets because
they are both moving targets. When the constant-velocity tar-
gets are employed, the cooperative engagement can also be
performed by using the proposed guidance laws in this part.
Suppose that n missiles participate in the cooperative task.
The form of the cooperative guidance laws based on the tradi-
tional PN algorithm can be described as
a0yi ¼ a0pyi þ a0nyi
a0zi ¼ a0pzi þ a0nzi
(
i ¼ 1; 2; . . . ; n ð24Þ
Similarly, the PN component is derived from the traditional
3-D PN guidance law Eq. (10), which takes into account the
information of the target acceleration in the form of
a0pyi ¼ 1þNi= coshi tð Þcoswi tð Þð Þ½ 
 Vi _kyi tð Þsinhi tð Þsinwi tð ÞVi _kzi tð Þcoshi tð Þ
 
þa^yt=coswi tð Þþ a^zt sinhi tð Þsinwi tð Þ= coshi tð Þcoswi tð Þð Þ
a0pzi ¼ 1þNi= coshi tð Þcoswi tð Þð Þ½ Vi _kyi tð Þcoswi tð Þþ a^zt=coshi tð Þ
8>>><
>>>:
ð25Þ
where the estimation of the target acceleration normal to the
line-of-sight is given byCPN :
a0yi ¼  1þNi= cos hi tð Þ coswi tð Þð Þ½  Vi _kyi tð Þ sin hi tð Þ sinw

þa^yt= coswi tð Þ þ a^zt sin hi tð Þ sinwi tð Þ= cos hi tð Þ coswð
a0zi ¼  1þNi= cos hi tð Þ coswi tð Þð Þ½ Vi _kyi tð Þ coswi tð Þ þ a^zt=
8>><
>>:
C-CPN :
a0yi ¼  1þNi= cos hi tð Þ coswi tð Þð Þ½  Vi _kyi tð Þ sin hi tð Þ s

þa^zt sin hi tð Þ sinwi tð Þ= cos hi tð Þ coswi tð Þð Þ þ K0iri
a0zi ¼  1þNi= cos hi tð Þ coswi tð Þð Þ½ Vi _kyi tð Þ coswi tð Þ þ a^z
8>><
>>>:a^yt ¼ azt sin ht tð Þ sinwt tð Þ þ ayt coswt tð Þ
a^zt ¼ azt cos ht tð Þ

ð26Þ
The coordination component is simply formulated with
respect to the current missile-to-target range and the relative
error of the time-to-go in the form of
a0ni ¼ K0iri tð Þn0i tð Þ
a0nyi ¼ a0ni coswi tð Þ
a0nzi ¼ a0ni cos hi tð Þ
8><
>: ð27Þ
where the gain coefﬁcient and the relative error of the time-to-
go are described as
K0i ¼ k0= ri 0ð Þt^0go;i 0ð Þ
 
ð28Þ
n0i tð Þ ¼ t0go;i tð Þ  t^0go;i tð Þ ð29Þ
In fact, the expression Eq. (17) may obtain the time-to-go
estimation of the interceptor missiles with enough accuracy.
Considering the velocity of the maneuvering target, however,
the expression would better be improved in the form of
t^0go;i tð Þ ¼
ri tð Þ
ViþVtð Þ 1þ
r2
i
tð Þ
2 2Ni1ð Þ
h i
gi tð Þj j > p2
ri tð Þ
ViVtð Þ 1þ
r2
i
tð Þ
2 2Ni1ð Þ
h i
gi tð Þj j  p2
8><
>: ð30Þ
where giðtÞ represents the heading errors between the missile
velocity and target velocity. To be speciﬁc, the term Vi þ Vt
is applied to the time-to-go estimation when the head-on
engagement is employed, and the term Vi  Vt is used for
the case of tail-chase engagement. Based on the enhanced
time-to-go expression Eq. (30), we also perform some numeri-
cal simulations of individual engagement against a maneuver-
ing target by PN. As shown in Fig. 5, the estimation errors
between the actual impact time and the time-to-go are small
enough for both the head-on engagement and the tail-chase
engagement. It demonstrates that the proposed time-to-go
expression Eq. (30) is feasible for the design of cooperative
guidance strategies.
Herein, the determination of the coordination variable
t0go;i tð Þ is similar to the design of tgo;i (t) which is presented in
the previous subsection. Therefore, the PN-based 3-D cooper-
ative guidance laws against a maneuvering target are given as
follows:i tð Þ  Vi _kzi tð Þ cos hi tð Þ

i tð ÞÞ þ K0iri tð Þ T0go  t t^0go;i tð Þ
 
coswi tð Þ
cos hi tð Þ þ K0iri tð Þ T0go  t t^0go;i tð Þ
 
cos hi tð Þ
ð31Þ
inwi tð Þ  Vi _kzi tð Þ cos hi tð Þ

þ a^yt= coswi tð Þ
tð Þ t0go tð Þ  t^0go;i tð Þ
 
coswi tð Þ
t= cos hi tð Þ þ K0iri tð Þ t0go tð Þ  t^0go;i tð Þ
 
cos hi tð Þ
ð32Þ
D-CPN :
a0yi ¼  1þNi= cos hi tð Þ coswi tð Þð Þ½  Vi _kyi tð Þ sin hi tð Þ sinwi tð Þ  Vi _kzi tð Þ cos hi tð Þ
 
þ a^yt= coswi tð Þ
þa^zt sin hi tð Þ sinwi tð Þ= cos hi tð Þ coswi tð Þð Þ þ K0iri tð Þ ~t0go tð Þ  t^0go;i tð Þ
 
coswi tð Þ
a0zi ¼  1þNi= cos hi tð Þ coswi tð Þð Þ½ Vi _kyi tð Þ coswi tð Þ þ a^zt= cos hi tð Þ
þK0iri tð Þ ~t0go tð Þ  t^0go;i tð Þ
 
cos hi tð Þ
8>>><
>>>:
ð33Þ
Three-dimensional cooperative guidance laws against stationary and maneuvering targets 1109where the coordination variable in each coordination algo-
rithm can be given by
CPN : t0go;i tð Þ ¼ T0go  t ð34Þ
C-CPN : t0go;i tð Þ ¼ t0go tð Þ ¼
1
n
Xn
j¼1
t^0go;j tð Þ ð35Þ
D-CPN : t0go;i tð Þ ¼ ~t0go;i tð Þ ¼
1
si  1
X
j2Si ;j–i
t^0go;j tð Þ ð36Þ
It can be found that all the cooperative guidance laws
against a stationary target Eqs. (18)–(23) and against a maneu-
vering target Eqs. (31)–(36) are based on the typical 3-D PN
solutions. These improved coordination algorithms, includingFig. 5 Samples of estimation errors by Eq. (30).the CPN, C-CPN and D-CPN, are quite easy to be imple-
mented due to the simple design in the form of Eq. (11). The
capturability analysis of the proposed cooperative guidance
laws will be discussed in the following sections.
4. Numerical simulations
4.1. Example 1 (stationary target)
In order to demonstrate the performance of the proposed
cooperative guidance laws Eqs. (18)–(23) for multiple missiles,
a simultaneous arrival scenario is performed in this part.
Suppose that a group of three missiles attack a stationary tar-
get at (0, 0, 0) with different initial conditions as shown in
Table 1. The limit of the acceleration command for each mis-
sile is set to be 5.0  9.81 m/s2. The effective navigation con-
stant is set to be N= 3. The simulation results of the
coordination algorithms are presented in three cases using
CPN, C-CPN and D-CPN, respectively.
In the ﬁrst case, the given impact time Tgo ¼ 42 s is manu-
ally designated for each missile. Figs. 6 and 7 illustrate the
CPN results of the cooperative attack against a stationary tar-
get, including the 3-D trajectories, acceleration commands and
the time-to-go regarding the group of missiles, where PNi and
CPNi (i ¼ 1; 2; 3) represent the corresponding results by usingTable 1 Initial conditions of group of missiles against
stationary target.
Missile r (m) V (m/s) hm () wm () kL () uL ()
M1 12000 330 30 45 0 240
M2 11500 335 45 45 10 220
M3 12500 325 30 60 10 210
Fig. 6 CPN trajectories against stationary target.
Fig. 7 CPN accelerations and times-to-go against stationary
target.
1110 J. Zhao et al.the PN and CPN methods. The dotted lines in Fig. 6 show the
histories of the same guidance scenario using the traditional
PN algorithm Eq. (9). It is seen that the CPN trajectories of
missiles M1 and M2 are further than the traditional PN trajec-
tories since the given impact time for the CPN algorithm is
longer. The comparison of the impact time obtained by PN
and CPN can be found in Table 2. The maximum dispersion
of the impact time by PN is about 5.4 s, whereas the CPN
coordination algorithm Eq. (19) can achieve the simultaneous
attack at the given impact time within the dispersion of 0.1 s.
The results of cooperative guidance by using C-CPN are
presented in Figs. 8 and 9. The C-CPNi (i ¼ 1; 2; 3) represent
the results by using the C-CPN method. In this case, the
impact time is automatically obtained by the centralized coor-
dination algorithm Eq. (21) and ﬁnally converges to about
40.96 s. It is close to the average impact time of the missiles
by using the PN guidance law, which is the result from the
coordination interactions among the group members. It can
be seen that the C-CPN trajectories of all the three missiles
are shorter than the CPN trajectories, whereas the C-CPN
requires higher control energy than the CPN. As shown in
Fig. 9, the convergence speed of the time-to-go by C-CPN is
nearly the same with that by CPN. The dispersion of the
impact time is also within 0.1 s.
In the third case, the decentralized coordination algorithm
Eq. (23) is tested with the same initial conditions. As shown in
Fig. 10, a simple communication topology is selected for the
group of missiles, in which missiles M1 and M3 can only col-
lect the time-to-go information from the neighbor missile M2.
The bidirectional communication protocol is used throughout
the numerical simulations for the D-CPN guidance law. The
coordination variables for the three missiles can be expressed
in the form ofTable 2 Dispersion of impact time against stationary target.
Algorithm Impact time (s)
M1 M2 M3 Average Dispersion
PN 39.59 38.45 43.86 40.63 5.41
CPN 41.97 42.01 42.06 42.01 0.09
C-CPN 40.94 40.95 40.98 40.96 0.04
D-CPN 40.52 40.54 40.59 40.55 0.07
Fig. 8 C-CPN trajectories against stationary target.
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target.tgo;1 tð Þ ¼ ~tgo;1 tð Þ ¼ t^go;2 tð Þ
tgo;2 tð Þ ¼ ~tgo;2 tð Þ ¼ 0:5 t^go;1 tð Þ þ t^go;3 tð Þ
 
tgo;3 tð Þ ¼ ~tgo;3 tð Þ ¼ t^go;2 tð Þ
8><
>: ð37Þ
where the total numbers of missiles with respect to their com-
munication space are s1 ¼ 2, s2 ¼ 3 and s3 ¼ 2, respectively.
Figs. 11 and 12 present the numerical results of the D-CPN
guidance law. The D-CPNi (i = 1, 2, 3) represent the results
by using the D-CPN method. The simultaneous attack is
achieved by the decentralized coordination algorithm at about
40.55 s which is close to the impact time by C-CPN. The his-
tories of the acceleration commands show that the control
effort of each missile by D-CPN is similar in comparison with
that by C-CPN. However, the convergence feature of the
impact time is different from the centralized coordination algo-
rithm. Using D-CPN, the time-to-go of missile M2 converges
faster to the ﬁnal value because missile M2 collects more infor-
mation from others in the light of the communication topol-
ogy. Table 2 also shows that the terminal dispersion of the
impact time remains within 0.1 s, which indicates that an
agreement can be reached in ﬁnite time by the decentralized
coordination algorithm Eq. (23).
4.2. Example 2 (maneuvering target)
In this example, a maneuvering target with constant accelera-
tion is included in the simultaneous attack scenario to demon-
strate the performance of the cooperative guidance laws
Eqs. (31)–(36). Suppose that the maneuvering target starts toFig. 11 D-CPN trajectories against stationary target.
Fig. 10 Communication topology for group of missiles.
Fig. 12 D-CPN accelerations and times-to-go against stationary
target.
1112 J. Zhao et al.move at (0,0,0). The velocity of the target is set to
Vt ¼ 100 m/s. The yaw and pitch acceleration commands are
equally set to ayt ¼ azt ¼ 2:0 9:81 m/s2. The initial conditions
of the three missiles are shown in Table 3. The acceleration
of each missile is also limited to be 5:0 9:81 m/s2. The
cooperative guidance is performed in the following cases by
using CPN, C-CPN and D-CPN, respectively.
The simulation results of the CPN algorithm Eq. (31) in
comparison with the traditional PN guidance law Eq. (10)
are presented in Figs. 13 and 14. The given impact time
Tgo ¼ 23 s is designated for the group of missiles. We ﬁnd that
each missile can separately intercept the maneuvering target by
the PN algorithm, whereas the dispersion of the impact time is
more than 2.2 s. In contrast, the expected impact time is almost
reached by using the cooperative guidance law as shown in
Table 4. Since the given value for the CPN guidance law is
longer than the impact time of each missile by PN, all the
group members driven by the coordination algorithm
Eq. (31) move further rounds to achieve a simultaneous
arrival. Further, it can be seen that some acceleration com-
mands obtained by CPN reach the saturation at the beginning
(due to the coordination interaction between each missile) as
well as at the end (due to the feature of the target capture).
In the second case, the centralized coordination algorithm
Eq. (32) is tested with same engagement scenario. The C-
CPN trajectories and control inputs of the three missiles are
presented in Fig. 15. Table 4 shows that the impact time by
C-CPN converges to the average value of 22.27 s, which is
close to the average impact time of each missile by PN. It
can be found that the C-CPN guidance law against a maneu-
vering target results in a larger dispersion of the impact time
than the coordination algorithm against a stationary one. In
addition, the convergence speed of the time-to-go is also slowerTable 3 Initial conditions of group of missiles against
maneuvering target.
Missile r (m) V (m/s) hm () wm () kL () uL ()
M1 8300 315 15 75 25 45
M2 8000 320 35 75 15 25
M3 7700 325 30 30 20 5
Fig. 13 CPN trajectories against maneuvering target.
Fig. 14 CPN accelerations and times-to-go against maneuvering
target.
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Fig. 16.
The same communication topology in Fig. 10 is selected in
the third case to demonstrate the decentralized coordination
algorithm Eq. (33). The formulation of the coordination vari-
ables for the D-CPN guidance law can refer to Eq. (37). The
numerical results of cooperative guidance by D-CPN are pre-
sented in Figs. 17 and 18. The simultaneous attack is achieved
by the decentralized coordination algorithm at the average
time of 23.33 s. It is nearly the same with the impact time
obtained by the C-CPN guidance law Eq. (32), which results
in similar control effort for both the centralized and decentral-
ized coordination algorithms.
5. Discussion
5.1. Gain parameter K ðK0Þ
Regarding the form of the proposed cooperative guidance laws
Eqs. (18)–(23) and Eqs. (31)–(36), we can ﬁnd that the weight
of the PN component and coordination component depends
enormously upon the gain parameter KðK0Þ. To be speciﬁc,
the PN component will play an important role in the coordina-
tion algorithms if the gain parameter KðK0Þ is small, whereas
the main property of each guidance law will be determined
by the coordination component if the gain is large. It means
that both the performance of target capture and the coordina-
tion of impact time are inﬂuenced by the magnitude of the gain
parameter K. Therefore, a compromise selection of the gain
parameter ensures that the simultaneous attack of multiple
missiles can be achieved with satisﬁed accuracy of target cap-
ture. Herein, the effects of the gain parameter KðK0Þ will be dis-
cussed in this section.Table 4 Dispersion of impact time against maneuvering
target.
Algorithm Impact time (s)
M1 M2 M3 Average Dispersion
PN 22.69 22.27 20.41 21.79 2.28
CPN 23.01 22.98 23.11 23.03 0.13
C-CPN 22.29 22.27 22.19 22.27 0.10
D-CPN 22.37 22.35 22.28 22.33 0.09
Fig. 15 C-CPN trajectories against maneuvering target.
Fig. 16 C-CPN accelerations and times-to-go against maneu-
vering target.
Fig. 17 D-CPN trajectories against maneuvering target.
1114 J. Zhao et al.Suppose that the initial missile-to-target range and the ini-
tial estimation of the time-to-go are obtained and the magni-
tude of the gain parameter KðK0Þ is only determined by the
constant parameter k (k0) as shown in Eqs. (15) and (28). It
should be noted that the constant parameter k for each
cooperative guidance law is set to 50 100 in the previous
numerical simulations, which may result in good performance
of the target capture as well as successful coordination of the
impact time.
Next, we provide two examples to show how the gain
parameter k (k0) inﬂuences the simultaneous attack by using
the proposed coordination algorithms. Fig. 19 presents the
histories of the time-to-go for a group of missiles by using
the CPN guidance law against a stationary target. The
constant parameter of the gain is set to k ¼ 80, 60 and 40,
respectively. In the ﬁrst case, the impact time of each missile
converges fast to the given value with k ¼ 80. By contrast,
the convergence speed of the time-to-go becomes slower when
the constant parameter decreases to k ¼ 60. Although an
agreement can be reached in ﬁnite time, the terminal disper-
sion of the impact time increases. In the third case, the
cooperative guidance law is completely ineffective with
k ¼ 40, which means that the decrease of the gain would
undermine the coordination of impact time between each
missile. The gain parameter should be large enough so that
niðtÞ can converge into a small neighborhood of the origin
before ri ðtÞ converges to zero.
Fig. 20 presents the histories of the yaw and pitch accel-
eration commands by using C-CPN. In the example, the dif-
ferent gain parameters are selected for the guidance law with
k ¼ 60, 80 and 100, respectively. The selection of the gain
parameter ﬁts in the scope of 50 100 and can drive the
group of missiles to simultaneously intercept the target.
However it is obvious that the control effort obtained by
C-CPN with k ¼ 60 is much smaller than the other two
cases. The reason is that a selection of large gain parameters
will enhance the weight of the coordination component
and drive the missiles to move further rounds for the coor-
dination of impact time. Therefore, higher control energy
for each missile may be required as the gain parameter
increases.
Fig. 18 D-CPN accelerations and times-to-go against maneu-
vering target.
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In this part, we present several simulation results with different
kinds of engagement parameters to examine the effectiveness
of the proposed algorithms. First, we consider the case where
the pre-deﬁned impact time is far from the individual impact
times by PN. Then, we employ some interceptor missiles that
have highly different impact times by PN. Finally, we perform
the cooperative engagement of interceptor missiles with large
initial heading errors. The detailed information is listed in
Table 5.
In Case 1, the individual impact times for the interceptor
missiles by PN are 27.15, 23.93 and 23.61 s, respectively.
Some different impact times are designated in the CPN algo-
rithm Eq. (19), for example, Tgo ¼ 26, 30 and 34 s. The maxi-
mum difference between the pre-deﬁned impact time and the
individual impact times is up to 8 s. Figs. 21 and 22 illustrate
that the cooperative engagements with different pre-deﬁned
impact times can be performed by CPN. As shown in
Fig. 21, the interceptor missiles move further distances in order
to achieve a consensus impact time when the pre-deﬁned
impact time is larger than their individual impact times by
PN. In contrast, a smaller pre-deﬁned impact time for some
missile decreases its overall trajectory length. It is also
supported by the histories of time-to-go estimations for the
interceptor missiles as shown in Fig. 22.
In Case 2, the effectiveness of CPN against a maneuvering
target is demonstrated. The same engagement parameters are
selected for the interceptor missiles as shown in Table 3.
However, the pre-deﬁned impact time is increased from
Tgo ¼ 23 s to Tgo ¼ 30 s. The simulation results are illustrated
in Figs. 23 and 24. Although the difference between the pre-
deﬁned impact time and the individual impact times by PN
is about 10 s, the simultaneous interception can be achieved
by the CPN guidance law Eq. (31).
In Case 3 and Case 4, we discuss the cooperative engage-
ment of interceptor missiles that have highly different impact
times by PN. The former employs a stationary target and the
latter refers to a maneuvering one. In Case 3, the individual
impact times for the interceptor missiles by PN are 34.38,
25.00 and 21.39 s, respectively. Figs. 25 and 26 present the
D-CPN trajectories and the histories of the time-to-go estima-
tions. Although the maximum impact time error is about 13 s,
the proposed algorithm can drive the group of missiles to
achieve a simultaneous attack successfully. The consensus ﬁnal
impact time is 31.96 s. In Case 4, the C-CPN is used to perform
the simulation of cooperative engagement against a maneuver-
ing target. The individual impact times by PN are 41.69, 32.58
and 26.16 s, respectively. The maximum impact time error
between the interceptor missiles is more than 15 s. As shown
in Figs. 27 and 28, we can found that the C-CPN is also feasi-
ble to achieve salvo attack of multiple missiles.
In Case 5 and Case 6, the engagement of interceptor
missiles with large heading errors are considered. The initial
heading angles are set to hm1 = 85, wm1 = 85, hm2 = 85,
wm2 = 85, hm3 = 85 and wm3 = 85, respectively. In Case
5, the simulation results by C-CPN are illustrated in Figs. 29
Fig. 19 Time-to-go estimations with different gain parameters.
Fig. 20 Acceleration commands with different gain parameters.
Table 5 Different kinds of engagement parameters.
Case
No.
Description Algorithm Target
1 Diﬀerent pre-deﬁned impact
times
CPN Stationary
target
2 Diﬀerent pre-deﬁned impact
times
CPN Maneuvering
target
3 Interceptor missiles with
highly diﬀerent impact times
by PN
D-CPN Stationary
target
4 Interceptor missiles with
highly diﬀerent impact times
by PN
C-CPN Maneuvering
target
5 Interceptor missiles with
large initial heading errors
C-CPN Stationary
target
6 Interceptor missiles with
large initial heading errors
D-CPN Maneuvering
target
1116 J. Zhao et al.and 30. It can be seen that in spite of high heading errors, the
interceptor missiles move large rounds and achieve a
simultaneous attack against the stationary target. In Case 6,
the D-CPN is also examined by the cooperative engagement
of interceptor missiles against a maneuvering target. The feasi-
bility of the proposed algorithm is demonstrated by the numer-
ical results as shown in Figs. 31 and 32.6. Conclusions
The 3-D guidance laws are proposed to perform the coopera-
tive engagement of multiple missiles against both stationary
and maneuvering targets.
(1) The guidance strategies are developed in a simple form
that consists of a PN component for target capture
and a coordination component for simultaneous arrival.
Fig. 21 CPN trajectories in Case 1.
Fig. 22 Time-to-go estimations in Case 1.
Fig. 23 CPN trajectories in Case 2. Fig. 24 Time-to-go estimations in Case 2.
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Fig. 25 D-CPN trajectories in Case 3.
Fig. 27 C-CPN trajectories in Case 4.
Fig. 26 Time-to-go estimations in Case 3.
Fig. 28 Time-to-go estimations in Case 4.
Fig. 29 C-CPN trajectories in Case 5.
Fig. 30 Time-to-go estimations in Case 5.
1118 J. Zhao et al.(2) Both the centralized coordination algorithms and decen-
tralized coordination algorithms are effective in consid-
eration of different communication limitations between
each member in the group of missiles.(3) The future work will attempt to analyze the feasible ini-
tial regions which can ensure a simultaneous attack of
multiple missiles. It is also necessary to take into account
the ﬂight control dynamics in the design of coordination
algorithms for actual engagement missions.
Fig. 31 D-CPN trajectories in Case 6.
Fig. 32 Time-to-go estimations in Case 6.
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